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Abstract
Morse potential VM (x) = g
2 exp(2x) − g(2h + 1) exp(x) is defined on the full line,
−∞ < x <∞ and it defines an exactly solvable 1-d quantum mechanical system with
finitely many discrete eigenstates. By taking its right half 0 ≤ x < ∞ and glueing
it with the left half of its mirror image VM (−x), −∞ < x ≤ 0, the symmetric Morse
potential V (x) = g2 exp(2|x|)−g(2h+1) exp(|x|) is obtained. The quantum mechanical
system of this piecewise analytic potential has infinitely many discrete eigenstates with
the corresponding eigenfunctions given by the Whittaker W function. The eigenvalues
are the square of the zeros of the Whittaker functionWk,ν(x) and its linear combination
with W ′k,ν(x) as a function of ν with fixed k and x. This quantum mechanical system
seems to offer an interesting example for discussing the Hilbert-Po´lya conjecture on
the pure imaginary zeros of Riemann zeta function ζ(s) on Re(s) = 12 .
Keywords:
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thogonality theorems; Hilbert-Po´lya conjecture; associated Hamiltonians;
1 Introduction
This is a third paper discussing exact solvability of one dimensional quantum mechanical
systems having piecewise analytic potentials which are mirror symmetric V (−x) = V (x) with
respect to the origin. In previous works, a weak attractive piecewise analytic exponential
potential V (x) = −g2 exp(−|x|) [1] and a confining piecewise analytic exponential potential
V (x) = g2 exp(2|x|) [2, 3] have been discussed.1 The present work could be understood
as a one parameter generalisation of these results [5]. The eigensystem of the right half of
1The piecewise linear potential V (x) = |x|, exactly solvable by Airy functions [4], is probably the first
example of this type.
the Morse potential was discussed in detail by Lagarias [6]. The present paper is a modest
supplement of this seminal work.
The spectra or the eigenvalues of this type of exactly solvable quantum mechanical sys-
tems are very different from those of the ‘ordinary’ exactly solvable systems [7]-[12] based on
shape invariance [13], [14]. In the latter, the n-th eigenvalue, En counted from the ground
state, is a simple elementary function of n; linear, quadratic, inverse quadratic or q-quadratic
for those belonging to the ‘discrete’ quantum mechanics [15]–[17]. In contrast, the eigenval-
ues of the Hamiltonian with the symmetric Morse potential are the square of the zeros of the
Whittaker function Wk,ν(2g) [18] and its derivative regarded as a function of ν with fixed k
and g (28)–(37). Correspondingly, the eigenvalues of the piecewise symmetric exponential
potential [2, 3] are the square of the zeros of the modified Bessel function of the second kind
Kν(g) and its derivative regarded as a function of ν with fixed g. As is well known Kν(x) is
related to the Whittaker W function (38).
With this feature of the spectra, the Hamiltonian system with the symmetric Morse
potential offers an interesting example for Hilbert-Po´lya conjecture [19, 20, 6] on the pure
imaginary zeros of Riemann zeta function ζ(s) on Re(s) = 1
2
. As for the asymptotic distri-
bution of the zeros (eigenvalues), one can apply WKB approximation or Bohr-Sommerfeld
quantum condition as demonstrated for the symmetric piecewise analytic exponential poten-
tial [2]. In this connection we would like to point out the usefulness of certain deformation
procedures applicable to any 1-d quantum mechanical system including the discrete quan-
tum mechanics, in which the Hamiltonian is a self-adjoint second order difference operator
[15]–[17]. By multiple application of Crum’s transformations [21], one can delete as many
lowest lying eigenstates as wanted. By Krein-Adler transformations [22, 23], finitely many
eigenstates specified by the set D = {d1, . . . , dL} can be deleted so long as the labels satisfy
conditions for the positivity of the norm. Here dj ∈ Z≥0 is the label of the eigenfunction
corresponding to the number of nodes.
The present paper is organised as follows. In §2 the essence of the original Morse potential
on the full line is summarised. Section three is the main part of the paper deriving the
eigensystems of the symmetric Morse by imposing matching and finite norm conditions. In
§3.2 the formulas of the Crum and Krein-Adler transformations are briefly recapitulated.
The corresponding orthogonality relations of the deformed Hamiltonian systems are also
presented. The final section is for a summary and comments.
2
2 Original Morse Potential
Let us recapitulate the main results of the 1-d quantum mechanical system with the original
Morse potential defined on the full line:
H = − d
2
dx2
+ g2e2x − g(2h+ 1)ex, −∞ < x <∞, g > 0, h ∈ R. (1)
For positive h > 0, the eigenvalue problem
Hφn(x) = Enφn(x), n = 0, 1, . . . , (2)
has finitely many discrete eigenstates
En = −(h− n)2, n = 0, 1, . . . , [h]′, (3)
φn(x) = φ0(x)Pn
(
ρ(x)
)
, φ0(x) = e
hx−
1
2
ρ(x), ρ(x)
def
= 2g exp(x), (4)
Pn
(
ρ(x)
)
=
(
ρ(x)
)−n
L(2h−2n)n
(
ρ(x)
)
, (5)
in which [n]′ means the greatest integer not exceeding n and L
(α)
n (x) is the Laguerre poly-
nomial of degree n in x. Although the minimum of the potential exists for −1
2
< h,
minVM(x) = −(h+ 12)2 < 0 = VM(−∞),
the system has continuous spectrum only for h ≤ 0. This is explained by the ‘zero point
energy’.
The system is shape invariant as the potential of the first associated Hamiltonian H[1]
(see (46) in §3.2)
V
[1]
M (x) = VM(x)− 2∂2x log φ0(x) = g2e2x − g(2h− 1)ex, (6)
has the same form as VM(x) with h replaced by h− 1 and g remains unchanged.
3 Symmetric Morse Potential
Now let us discuss the Schro¨dinger equation (2), with the symmetric Morse potential
V (x) = g2 exp(2|x|)− g(2h+ 1) exp(|x|) = 1
4
ρ(x)2 − (h+ 1
2
)ρ(x)
=
1
4
ρ(x)2 − kρ(x), k def= h + 1
2
, ρ(x)
def
= 2g exp(|x|). (7)
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Here we have introduced parameter k instead of h for convenience and the definition of ρ(x) is
now mirror symmetric ρ(−x) = ρ(x). Now the potential grows indefinitely at the boundaries
x = ±∞ and the system has infinitely many bound-states with positive eigenvalues Em > 0,
on top of the finitely many negative eigenvalues Em < 0 which could exist when k > 0. The
corresponding eigenfunctions must be normalizable, ψm(x) ∈ L2(R). Since the potential is
parity invariant, V (−x) = V (x), the eigenfunctions are also parity invariant,
ψm(−x) = (−1)mψm(x) . (8)
According to the conventional oscillation theorems [24] the subscript m counts the nodes in
−∞ < x <∞. Moreover, we may only consider the positive half-line x ≥ 0,
even parity : ψ′2n(0) = 0, odd parity : ψ2n+1(0) = 0 , (9)
i.e., with the eigenfunctions constrained by the parity-dependent boundary condition at the
origin. One could say that 1-d quantum mechanical systems with mirror symmetric poten-
tial V (−x) = V (x) are equipped two types of eigenfunctions, one satisfying the Neumann
boundary condition at x = 0 and the other the Dirichlet condition.
3.1 Eigenfunctions
Let us look for the solutions of Schro¨dinger equation (2) with the symmetric Morse potential
(7) with positive energy E = ν2, ν > 0, in the following form:
ψ(x) = ρ(x)−
1
2φ
(
ρ(x)
)
. (10)
It is now rewritten as that for the Whittaker function [18]:
positive energy:
d2φ(ρ)
dρ2
+
(
−1
4
+
k
ρ
+
1
4
+ ν2
ρ2
)
φ(ρ) = 0. (11)
In the same ansatz (10) the solution with negative (non-positive) energy E = −µ2, µ ≥ 0 is
rewritten as
negative energy:
d2φ(ρ)
dρ2
+
(
−1
4
+
k
ρ
+
1
4
− µ2
ρ2
)
φ(ρ) = 0. (12)
Among possible sets of general solutions, we choose the following Whittaker W functions.
For the positive energy solutions
even: ψ(e)(x) = ρ(x)−
1
2
(
AWk,iν
(
ρ(x)
)
+BW−k,iν
(−ρ(x))) , (13)
4
odd: ψ(o)(x) = ρ(x)−
1
2
(
CWk,iν
(
ρ(x)
)
+DW−k,iν
(−ρ(x))) , (14)
and for the negative energy solutions
even: ψ(e)(x) = ρ(x)−
1
2
(
AWk,µ
(
ρ(x)
)
+BW−k,µ
(−ρ(x))) , (15)
odd: ψ(o)(x) = ρ(x)−
1
2
(
CWk,µ
(
ρ(x)
)
+DW−k,µ
(−ρ(x))) . (16)
The matching condition at the origin (9) can be easily met by considering the derivative
positive energy:
dψ(e)(x)
dx
∣∣∣∣
x=0
= −1
2
ρ
−
1
2
0
{
A
(−Wk,iν(ρ0) + 2ρ0W ′k,iν(ρ0))
−B (W−k,iν(−ρ0) + 2ρ0W ′−k,iν(−ρ0))} , (17)
negative energy:
dψ(e)(x)
dx
∣∣∣∣
x=0
= −1
2
ρ
−
1
2
0
{
A
(−Wk,µ(ρ0) + 2ρ0W ′k,µ(ρ0))
−B (W−k,µ(−ρ0) + 2ρ0W ′−k,µ(−ρ0))} , (18)
in which
ρ0
def
= ρ(0) = 2g.
It is a regular point of Whittaker W functions (13)–(16). As is clear from the equations (11),
(12), ρ = 0 is a regular singular point with the characteristic exponents 1
2
± iν and 1
2
± µ,
respectively. Since ρ = 0 is not included in the domain of the present problem, another set
of solutions including the Whittaker M functions having these characteristic exponents is
irrelevant.
Thus, wave functions satisfying the matching conditions (9) at the origin can be easily
found. For positive eigenvalues, they are
ψ(e)(x) = ρ(x)−
1
2
(
A(k, ν, ρ0)Wk,iν
(
ρ(x)
)
+B(k, ν, ρ0)W−k,iν
(−ρ(x))) ,
A(k, ν, ρ0)
def
= W−k,iν(−ρ0) + 2ρ0W ′−k,iν(−ρ0), (19)
B(k, ν, ρ0)
def
= −Wk,iν(ρ0) + 2ρ0W ′k,iν(ρ0), (20)
ψ(o)(x) = ρ(x)−
1
2
(
C(k, ν, ρ0)Wk,iν
(
ρ(x)
)
+D(k, ν, ρ0)W−k,iν
(−ρ(x))) , (21)
C(k, ν, ρ0)
def
= −W−k,iν(−ρ0), D(k, ν, ρ0) def= Wk,iν(ρ0). (22)
For negative eigenvalues, they are
ψ(e)(x) = ρ(x)−
1
2
(
A(k, µ, ρ0)Wk,µ
(
ρ(x)
)
+B(k, µ, ρ0)W−k,µ
(−ρ(x))) ,
A(k, µ, ρ0)
def
= W−k,µ(−ρ0) + 2ρ0W ′−k,µ(−ρ0), (23)
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B(k, µ, ρ0)
def
= −Wk,µ(ρ0) + 2ρ0W ′k,µ(ρ0), (24)
ψ(o)(x) = ρ(x)−
1
2
(
C(k, µ, ρ0)Wk,µ
(
ρ(x)
)
+D(k, µ, ρ0)W−k,µ
(−ρ(x))) , (25)
C(k, µ, ρ0)
def
= −W−k,µ(−ρ0), D(k, µ, ρ0) def= Wk,µ(ρ0). (26)
The asymptotic condition at x→ +∞, (ρ→ +∞) is easily imposed. The Whittaker W
function has the following asymptotic behaviour [18]
Wk,µ(x) ∼ e−
1
2
x xk
(
1 +O(
1
x
)
)
∼Wk,iν(x), (27)
as |x| → ∞. The eigenvalues are selected by requiring the coefficients B(k, ν, ρ0) (20)
and D(k, ν, ρ0) (22) of the divergent term W−k,iν
(−ρ(x)) should vanish for the positive
energy eigenstates and the coefficients B(k, µ, ρ0) (24) D(k, µ, ρ0) (26) of the divergent term
W−k,µ
(−ρ(x)) should vanish for the negative energy eigenstates.
For k < 0, the system has positive energy eigenstates only and they are numbered by the
conditions
even: −Wk,iν2n(ρ0) + 2ρ0W ′k,iν2n(ρ0) = 0, n = 0, 1, . . . , (28)
odd: Wk,iν2n+1(ρ0) = 0, n = 0, 1, . . . , (29)
with the corresponding eigenfunctions:
ψ2n(x) = ρ(x)
−
1
2Wk,iν2n
(
ρ(x)
)
, E2n = ν
2
2n, n = 0, 1, . . . , (30)
ψ2n+1(x) = sign(x)ρ(x)
−
1
2Wk,iν2n+1
(
ρ(x)
)
, E2n+1 = ν
2
2n+1, n = 0, 1, . . . , (31)
0 < g(g − k) < E0 < E1 < E2 < · · · ⇔
√
g(g − k) < ν0 < ν1 < ν2 < · · · . (32)
For k > 0, there are approximately k−1 eigenstates with negative energy. These eigenvalues
are determined by the conditions
even: −Wk,µ2n(ρ0) + 2ρ0W ′k,µ2n(ρ0) = 0, n = 0, 1, . . . , (33)
odd: Wk,µ2n+1(ρ0) = 0, n = 0, 1, . . . . (34)
The corresponding eigenfunctions are
ψ2n(x) = ρ(x)
−
1
2Wk,µ2n
(
ρ(x)
)
, E2n = −µ22n, n = 0, 1, . . . , (35)
ψ2n+1(x) = sign(x)ρ(x)
−
1
2Wk,µ2n+1
(
ρ(x)
)
, E2n+1 = −µ22n+1, n = 0, 1, . . . , . (36)
6
− k2 < E0 < E1 < E2 < · · · < 0 ⇔ k > µ0 > µ1 > µ2 > · · · > 0. (37)
The eigenstates with positive eigenvalues are numbered after the negative ones. The eigen-
functions have the same form as (30), (31) and the eigenvalues are determined by the same
conditions (28) and (29) but the numbering follows that of the negative energy ones.
For k = 0 the symmetric Morse potential (7) reduces to the confining piecewise analytic
exponential potential V (x) = g2 exp(2|x|) discussed in a previous paper [2]. It has positive
energy eigenvalues only and its eigenfunctions are the modified Bessel function of the second
kind Kiν(x), which is related to Whittaker W function ([25] Vol. 1, §6.9 formula (14))
Kα(x) =
√
pi
2x
W0,α(2x). (38)
The factor 2 among the arguments is reflected by the factor two in the definitions of ρ(x) in
[2] and in this paper. This also explains the extra factor ρ(x)−
1
2 in the wavefunction ψ(x)
formula (10) compared to the counterpart in [2]. By using (38) one can deduce the condition
(28) gives K ′iν2n(g) = 0 when k = 0.
In this manner the exact solvability of the symmetric Morse potential (7) is established.
The orthogonality relations among the eigenfunctions have the following forms:
∫ ∞
0
e−xWk,iν2n(2g e
x)Wk,iν2m(2g e
x) dx ∝ δnm, (39)∫ ∞
0
e−xWk,iν2n+1(2g e
x)Wk,iν2m+1(2g e
x) dx ∝ δnm, (40)∫ ∞
0
e−xWk,µ2n(2g e
x)Wk,µ2m(2g e
x) dx ∝ δnm, (41)∫ ∞
0
e−xWk,µ2n+1(2g e
x)Wk,µ2m+1(2g e
x) dx ∝ δnm, (42)∫ ∞
0
e−xWk,µ2n(2g e
x)Wk,iν2m(2g e
x) dx ∝ δnm, (43)∫ ∞
0
e−xWk,µ2n+1(2g e
x)Wk,iν2m+1(2g e
x) dx ∝ δnm. (44)
3.2 Deformed Hamiltonians
When a 1-d Hamiltonian (Sturm-Liouville) system {H, En, ψn} is given, it is possible to
construct deformed systems in which finitely many eigenvalues and corresponding eigenfunc-
tions are deleted. The simplest one due to Crum [21] is to delete the lowest lying L levels
{Ej , ψj(x)}, j = 0, 1, . . . , L − 1 from the the original one-dimensional Hamiltonian system
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H = H[0], {En, ψn(x)}, n = 0, 1, . . .. The deformed Hamiltonian systems H[L] L = 1, 2, . . .,
are essentially iso-spectral, that is, the remaining eigenvalues are unchanged:
H[L]ψ[L]n (x) = Enψ[L]n (x), n = L, L+ 1, . . . , (45)
H[L] def= H[0] − 2∂2x log |W[ψ0, ψ1, . . . , ψL−1](x)| , (46)
ψ[L]n (x)
def
=
W[ψ0, ψ1, . . . , ψL−1, ψn](x)
W[ψ0, ψ1, . . . , ψL−1](x)
, (ψ[L]n , ψ
[L]
m ) =
L−1∏
j=0
(En − Ej)(ψn, ψm), (47)
in which the Wronskian of n-functions {f1, . . . , fn} is defined by formula
W [f1, . . . , fn](x)
def
= det
(dj−1fk(x)
dxj−1
)
1≤j,k≤n
. (48)
This result is obtained from a multiple application of the Darboux transformations.
Another deformation method is due to Krein [22] and Adler [23]. It deletes finitely many
eigenlevels specified by the set D = {d1, d2, . . . , dL}, dj ∈ Z≥0 satisfying the conditions
L∏
j=1
(m− dj) ≥ 0, ∀m ∈ Z≥0. (49)
The deformed Hamiltonian system {HD, En, ψD;n(x)}, is given by
HDψD;n(x) = EnψD;n(x), n ∈ Z≥0\D, (50)
HD def= H[0] − 2∂2x log |W[ψd1 , ψd2 , . . . , ψdL](x)| , (51)
ψD;n(x)
def
=
W[ψd1 , ψd2 , . . . , ψdL , ψn](x)
W[ψd1 , ψd2 , . . . , ψdL ](x)
, (ψD;n, ψD;m) =
L∏
j=1
(En −Edj )(ψn, ψm). (52)
The above conditions on the set D (49) are necessary and sufficient for the positivity of
norms and self-adjointness of the deformed Hamiltonian HD.
Let us apply Crum’s sequence to the present Hamiltonian (2), (7), (30)–(32), (35)–(37).
Parallel expressions for the Krein-Adler deformations can be obtained easily. It is easy to
see that the systems are parity invariant:
V [L](x)
def
= V (x)− 2∂2x log |W[ψ0, ψ1, . . . , ψL−1](x)| , V [L](−x) = V [L](x), (53)
ψ[L]n (−x) = (−1)L+nψ[L]n (x). (54)
Because of the parity, the orthogonality relations among the even and odd eigenfunctions
are trivial and those even-even and odd-odd
δnm ∝ (ψ[L]n , ψ[L]m ) =
∫ ∞
−∞
ψ[L]n (x)ψ
[L]
m (x)dx (55)
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can be rewritten as those on the positive x-axis
δnm ∝
∫ ∞
0
ψ
[L]
2n (x)ψ
[L]
2m(x)dx, (56)
δnm ∝
∫ ∞
0
ψ
[L]
2n+1(x)ψ
[L]
2m+1(x)dx. (57)
In the following we consider the case of k ≤ 0 so that all the eigenvalues are positive.
For the case k > 0, similar expressions can be obtained with relatively more notational com-
plication. By using known properties of the Wronskians [1], we can reduce the Wronskians
of {ψn(x)} in (47) to the Wronskians of the Whittaker W function {Wk,iνn(ρ)}. This makes
the actual evaluation much simpler, for example, we obtain for x > 0:
W[ψ0, ψn](x) = W[Wk,iν0(ρ),Wk,iνn(ρ)](ρ),
· · · · · ·
W[ψ0, ψ1, . . . , ψL−1, ψn](x) = ρ
(L−1)(L+1)/2·
×W[Wk,iν0(ρ), . . . ,Wk,iνL−1(ρ),Wk,iνn(ρ)](ρ). (58)
It is straightforward to evaluate V [L](x) asymptotically by using that of Whittaker W
function Wk,ν(x) (27): It has the form
V [L](x) =
1
4
ρ(x)2 − (k − L)ρ(x) +O( 1
x
), |x| → ∞,
which is not shape invariant but the parameter k(h) retains the property of the original
Morse potential (6).
The results obtained in the previous subsection can be stated as various Theorems on
Whittaker W functions:
Theorem 3.1 Pure imaginary zeros When Whittaker W functions Wk,ν(x),
d
dx
Wk,ν(x)
are regarded as functions of the parameter α for fixed k and x > 0, they have infinitely many
pure imaginary zeros:
−Wk,iλj(x) + 2x
dWk,iλj(x)
dx
= 0, 0 <
x
2
< λ0 < λ1 < λ2 < · · · , (59)
Wk,iηj (x) = 0, 0 <
x
2
< η0 < η1 < η2 < · · · . (60)
They are interlaced by the oscillation theorem:
0 <
x
2
< λ0 < η0 < λ1 < η1 < λ2 < η2 < · · · . (61)
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Since the discrete eigenvalues of one dimensional quantum mechanics are always simple, all
these zeros are also simple.
Theorem 3.2 Orthogonality relation I The Whittaker W function with the above pure
imaginary parameters {iλj} (59), {iηj} (60) satisfy the following orthogonality relations
(x > 0):
even :
∫ ∞
x
Wk,iλj(ρ)Wk,iλk(ρ)
dρ
ρ2
= 0, j 6= k, (62)
odd :
∫ ∞
x
Wk,iηj(ρ)Wk,iηj (ρ)
dρ
ρ2
= 0, j 6= k. (63)
Let us denote these two types of zeros by one consecutive sequence ({νj}):
ν0 ≡ λ0, ν1 ≡ η0, ν2 ≡ λ1, ν3 ≡ η1, . . . , .
The orthogonality relations of the eigenfunctions (56)–(57) of the L-th associated Hamil-
tonian system can be stated as
Theorem 3.3 Orthogonality relation II
even :
∫ ∞
x
W[Wk,iν0, . . . ,Wk,iνL−1,Wk,iν2n](ρ)W[Wk,iν0, . . . ,Wk,iνL−1,Wk,iν2m](ρ)(
W[Wk,iν0, . . . ,Wk,iνL−1](ρ)
)2 ρ2(L−1)dρ = 0,
n 6= m, (64)
odd :
∫ ∞
x
W[Wk,iν0, . . . ,Wk,iνL−1,Wk,iν2n+1 ](ρ)W[Wk,iν0, . . . ,Wk,iνL−1,Wk,iν2m+1](ρ)(
W[Wk,iν0, . . . ,Wk,iνL−1](ρ)
)2 ρ2(L−1)dρ = 0,
n 6= m. (65)
Theorem3.2 is the special case (L = 0) of Theorem3.3.
As for the asymptotic distribution of the pure imaginary zeros {νn}, n ≫ 1 [6], we
can make a conjecture based on the WKB approximation or the so-called Bohr-Sommerfeld
quantum condition
∮
p(x)dx = 2pi(n + 1
2
). Here p(x) is the momentum at x determined
by the energy conservation p(x)2 + g2 e2x − 2gkex = En = ν2n. In terms of the elementary
integral
4
∫ log[(k+√k2+ν2n)/g]
0
√
ν2n − g2 e2x + 2gkex dx = 2pi(n+ 12), (66)
the asymptotic dependence of νn on n is obtained.
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4 Summary and Comments
Following the examples of the weak attractive piecewise analytic exponential potential V (x) =
−g2 exp(−|x|) [1], the confining non-analytic exponential potential V (x) = g2 exp(2|x|) [2, 3]
and the half line Morse potential [6], the exact solvability of the quantum system with the
symmetric Morse potential (7) is demonstrated. Certain similarity to the original Morse
potential is observed. Depending on the sign of the parameter k, the system has positive
energy eigenstates only (k ≤ 0) and positive and finitely many negative eigenvalues (k > 0).
The mirror symmetric potential imposes the Neumann boundary condition for the even level
eigenfunctions and the Dirichlet for the odd level eigenfunctions. The eigenvalues are de-
termined as the zeros of the Whittaker W function Wk,ν(x) and its linear combination with
W ′k,ν(x) regarded as the function of ν with fixed k and x. Resulting orthogonality relations
among the eigenfunctions are explored in some detail. Two types of deformed Hamiltonian
systems are mentioned for possible relevance to Hilbert-Po´lya conjecture. These deforma-
tions could be used to enhance the precision of numerical fitting of the eigenvalues of any
model by allowing to delete finitely many eigenvalues subject to certain conditions.
For possible relevance to Hilbert-Po´lya conjecture, it would be desirable to generate
many more quantum mechanical Hamiltonian systems having similar features to the present
example, hopefully with more parameters. One direction would be to look for systems
having (confluent) basic hypergeometric (q-hypergeometric) functions as eigenfunctions. The
‘discrete’ quantum mechanics [15, 16, 17] have many such examples.
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